Vector-valued inequalities are considered for the commutator of the singular integral with rough kernel. The results obtained in this paper are substantial improvement and extension of some known results. MSC: 42B20; 42B25
Introduction
The homogeneous singular integral operator T is defined by T f (x) = p.v. 
, where A q denotes the weight class of Muckenhoupt, then for b ∈ BMO,
Combining Theorem A with the well-known results by Duoandikoetxea [] on the weighted L p boundedness of the rough singular integral 
Recently, Chen and Ding [] gave a sufficient condition which contains q> L q (S n- ) such that the commutator of convolution operators is bounded on L p (R n ) for  < p < ∞.
This condition was introduced by Grafakos and Stefanov in [], and it is defined by
where α >  is a fixed constant. Let F α (S n- ) denote the space of all integrable functions on S n- satisfying (.). The result in [] can be stated as follows.
The condition (.) above has been considered by many authors in the context of rough integral operators. One can consult [-] among numerous references for its development and applications. The examples in [] show that there is the following relationship between F α (S n- ) and H  (S n- ) (the Hardy space on S n- ):
On the other hand,
The study of vector-valued inequalities for singular integrals with rough kernels has attracted much attention (for example, see [] 
with the kernel ∈ L(log + L)  (S n- ) satisfying (.) and (.). In this paper, we consider the vector-valued inequalities for a class of commutators of singular integrals with ∈ F α (S n- ) for some α > . Now we state our result as follows.
This paper is organized as follows. First, in Section , we give some definitions, which will be used in the proofs of the main results. In Section , we give some preliminary lemmas for the proof of Theorem .. Then, in Section , we give the proof of Theorem .. Throughout this paper, the letter C stands for a positive constant which is independent of the essential variables and not necessarily the same one in each occurrence. Moreover, the notations '∨' and '∧' denote the Fourier transform and the inverse Fourier transform, respectively. As usual, for p ≥ , p = p/(p -) denotes the dual exponent of p.
We collect the notation to be used throughout this paper:
Definitions
Firstly, we need to recall some definitions which will be used in the proof of Theorem .. Let ϕ ∈ S(R n ) be a radial function which is supported in the unit ball and satisfies
≤ |ξ | ≤ } and satisfies the identity
We denote by j and G j the convolution operators whose symbols are ψ( -j ξ ) and
respectively. The paraproduct of Bony [] between two functions f , g is defined by
At least formally, we have the following Bony decomposition:
Key lemmas
Let us begin with some lemmas, which will be used in the proof of Theorem .. The first one can be found in [] .
where C is independent of j and l.
where C is independent of {g k,j }.
where C is independent of k and δ.
Lemma . ([])
For any u ∈ S (R n ) and v ∈ S (R n ), the following properties hold:
If we replace j with S j , the above inequalities also hold. Recall that
Define the operator T j and T l j by
Denote 
Then we know
Then by the Minkowski inequality, we have, for  < p, q < ∞,
So, to prove Theorem ., it suffices to prove that l∈Z s∈Z
It is well known that for some constant  < β <  and any fixed constant  < υ <  (see [] and []),
and
which gives that
If we can prove that, for any  < p, q < ∞,  < δ < ,
where C is independent of l and δ, we may finish the proof of Theorem .. The proof of (.) will be postponed. Now, we will use (.), (.), and (.) to prove Theorem .. Since
we will estimate I  and I  , respectively. We first estimate I  . For l ≤ , taking q =  in (.), then interpolating between (.) and (.), there exists a constant  < θ  <  such that for  < p < ∞,
For l ≤  and any fixed  < p < ∞, interpolating between (.) and (.), there exists a constant  < θ  <  such that for  < q < ∞,
Therefore we get, for  < p, q < ∞,
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Next, we will estimate I  for (a), (b), (c), and (d), respectively. For  ≤ l < ∞, taking δ = /l in (.), we get, for any  < p, q < ∞,
Taking q =  in (.) gives that for any  < r < ∞, we have
We first treat the case (a) :  ≤ p, q < ∞ and p · q < (α + ). Now, for any p ≥ , we take r sufficiently large such that r > p in (.). Using the Riesz-Thorin interpolation theorem between (.) and (.), we have that for any l ≥ ,
. We can see that if r → ∞, then θ goes to /p and log
On the other hand, fix p, for any  ≤ q < ∞, (.) also means that for any λ sufficiently large such that λ > q,
Using the Riesz-Thorin interpolation theorem between (.) and (.), we have that
. We can see that if λ → ∞, then θ  goes to /q and l
q . This gives that for any fixed  < υ < ,
Thus, by the inequality above, we have, for p · q < (α + ),
Next, for the case (b) :  ≤ p < ∞,  < q < , and p · q < (α + ). For any p ≥ , we have
Similarly, fix p, for  < q < , (.) also means that for any λ sufficiently small such that
Using the Riesz-Thorin interpolation theorem between (.) and (.), we have
. We can see that if λ → , then θ  goes to /q and l
Thus, for  ≤ p < ∞,  < q < , and p · q < (α + ), we have
Now, for the case (c) :  < p, q <  and p · q < (α + ). For any  < p < , we take r sufficiently small such that  < r < p in (.). Using the Riesz-Thorin interpolation theorem between (.) and (.), we have that for any l ≥ , . We can see that if r → , then θ goes to /p and log
Then, using the previous argument, for any fixed  < p <  and  < q < , we get
Finally, for the case (d) :  < p < ,  ≤ q < ∞, and p · q < (α + ), using the previous argument, we get l≥ s∈Z
Therefore, we prove that
for four cases. Now, we turn our attention to proving (.). Since T l j S l-j = T j S  l-j for any j, l ∈ Z, we may write
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Below we shall estimate L i for i = , , , respectively. As regards L  , by Lemma . and Lemma ., we have, for  < p < ∞,
Similarly, we get
Hence, by (.), to show (.) it remains to give the estimate of L  . We will apply Bony paraproduct to do this. By (.),
We have
Then we get
and C is independent of δ and l. Then, by (.), (.) and applying Lemma . and Lemma ., we have that for  < p < ∞,
where C is independent of l and δ. Thus, by Lemma ., sup i∈Z i (b) L ∞ ≤ C b BMO , and Lemma ., we get, for  < p < ∞,
By (.), (.)-(.), we get
where C is independent of δ and l. This establishes the proof of (.).
